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Finite-Time Prediction Error Analysis for Neural
Bilinear Koopman Models Under Noisy

Measurements
Zhi Xu, Jun Xiang , Jun Chen , Senior Member, IEEE , and Ran Dai , Senior Member, IEEE

Abstract— Learning-based Koopman models provide a
structured framework for modeling nonlinear controlled
systems. However, the finite-time prediction reliability
of learned Koopman models under noisy measurements
has not been sufficiently investigated. This letter studies
multi-step prediction error propagation for neural bilinear
Koopman models of continuous-time control-affine sys-
tems under noisy state and input measurements. We first
derive certified properties of the neural lifting function by
exploiting its structure, and then analyze the local model
mismatch by decomposing it into lifting inconsistency and
discretization mismatch. Based on these results, we estab-
lish an explicit finite-horizon prediction error bound that
captures the joint effects of noisy measurements and local
mismatch, and further reveals a trade-off on finite-time pre-
diction error with respect to the sampling period. Numerical
experiments are presented to support the theoretical
findings.

Index Terms— Machine learning and control, neural net-
works, neural koopman models, error analysis.

I. INTRODUCTION

KOOPMAN operator theory provides a powerful frame-
work for modeling nonlinear dynamical systems by

representing their evolution via infinite-dimensional linear
operators acting on observable functions [1], [2], [3]. In
practice, realizing this framework requires approximating the
operator on a finite-dimensional subspace, making the selec-
tion of lifting functions a critical challenge. To overcome the
limitations of hand-crafted dictionaries, neural networks have
recently emerged as a powerful alternative for learning high-
quality lifting functions from data [4], [5], [6]. For controlled
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nonlinear systems, while early models simply assumed linear
lifted dynamics [7], [8], recent paradigms shift toward the
bilinear Koopman representation, which is a more principled
formulation because the Koopman generator depends affinely
on the input and therefore induces bilinear lifted dynamics
[9], [10]. Together, data-driven neural lifting and bilinear for-
mulations form a natural and powerful synergy for modeling
controlled nonlinear dynamics [11], [12].

Despite these promising developments, the reliability of
learning-based Koopman models remains insufficiently investi-
gated, especially for neural bilinear Koopman models deployed
under noisy measurements. Existing analytical studies pro-
viding theoretical error guarantees exhibit distinct limitations
when applied to neural lifting architectures. Specifically,
Nüske et al. [13] derived finite-data bounds for the operator
estimation and prediction errors, which quantifies the impact
of data size on operator estimation. While pioneering, the
analysis assumed that the lifting functions are invariant under
the Koopman operator, ignoring the lifting inconsistency aris-
ing from a finite-dimensional lifted space. Accounting for this
limitation, Strässer et al. [14] derived deterministic pointwise
error bounds for kernel-based methods within reproducing
kernel Hilbert spaces (RKHS), leveraging Wendland kernels to
ensure an invariant lifted space by construction. Nevertheless,
the analysis is tightly bound to the structures of RKHS and
kernel methods, making them incapable of generalizing to
highly expressive neural network architectures.

Beyond the error analysis in noise-free settings, accounting
for measurement noise is essential for evaluating the reliability
of learning-based Koopman models in practical scenarios.
Hao et al. [15] characterized and mitigated the impact of
noise during training by dynamically updating the tunable
observables. More recently, Sakib and Pan [16] developed a
robust learning framework against corrupted datasets using
Hankel-structured observables and stable parameterizations.
While existing noise-aware studies have made important
progress, they primarily focus on robust operator identification
during training rather than providing explicit error bounds for
the deployment phase. During deployment, measurement noise
is mapped through the neural lifting function and recursively
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propagated through the lifted dynamics, making its effect diffi-
cult to quantify due to the nonlinear and layered nature of the
lifting network. This motivates leveraging recent advances in
neural network certification, including bound propagation [17],
[18] and local Lipschitz estimation [19], which enable rigorous
analysis of the output range and perturbation sensitivity of the
neural lifting functions.

Motivated by the above research gaps, this letter studies
finite-time prediction reliability for neural bilinear Koopman
models under noisy measurements. We first derive certi-
fied properties of neural lifting functions by leveraging the
network structure. We then characterize local prediction mis-
match through a decomposition into lifting inconsistency and
discretization-induced mismatch. Building on these results, we
develop a recursive error propagation analysis and derive an
explicit finite-horizon prediction error bound.

The contributions are summarized as follows:
• Certified analysis of general neural lifting functions

beyond the Koopman-invariant assumption in [13] and
the RKHS settings considered in [14].

• A local mismatch decomposition that explicitly incorpo-
rates lifting inconsistency arising from finite-dimensional
neural lifting.

• A finite-horizon prediction error bound that characterizes
recursive deployment-phase noise propagation and reveals
a sampling-period trade-off.

II. PRELIMINARIES

Koopman operator theory represents nonlinear dynam-
ics linearly in a lifted space of observables. Consider the
continuous-time control-affine system

ẋ = f (x,u) = f 0(x) +
Pm

i=1 f i(x)ui, (1)

where state x ∈ Rn, control u ∈ Rm, dynamics f 0, f i are locally
Lipschitz.

Let F be a space of locally Lipschitz observables g : Rn →

R. For a fixed input u, the associated Koopman generator is

(Lug)(x) = ∇g(x) ·
�

f 0(x) +
Pm

i=1 f i(x)ui
�
.

Hence, the generator Lu = L0 +
Pm

i=1 uiLi depends affinely on
the input, where

(L0g)(x) = ∇g(x) · f 0(x), (Lig)(x) = ∇g(x) · f i(x).

Assume there exists a finite-dimensional lifting function
ψ(x) = [ψ1(x) ψ2(x) · · · ψN(x)]> whose span is invariant under
L0,L1, . . .,Lm. Then there exist matrices K0,K1, . . .,Km ∈

RN×N such that

d
dtψ(x) = K0ψ(x) +

Pm
i=1 uiKiψ(x).

Defining the lifted state z = ψ(x), the lifted dynamics becomes

ż = K0 z +
Pm

i=1 uiKi z, (2)

which is bilinear in the input and the lifted state.

III. PROBLEM FORMULATION

We consider the problem of finite-time prediction using a
learned neural bilinear Koopman model for the continuous-
time control-affine system in (1). The true system evolves in
continuous time, while the learned predictor is a discrete-time
lifted model identified from sampled data. In practice, both
the initial state measurement and the applied input sequence
may be corrupted by noise. Our goal is to characterize how
these perturbations, together with the local mismatch between
the learned lifted dynamics and the true system flow, affect
multi-step state prediction over a finite time.

.A. Learned Neural Bilinear Koopman Predictor
We now introduce the discrete-time neural bilinear

Koopman model considered in this letter.
We consider a neural lifting function ψθ : Rn → Rnz of

the form ẑ = ψθ(x) = [1, x>,Φ>θ (x)]>, where Φθ : Rn →

Rnp is a feedforward neural network with parameter θ. By
construction, the lifted state contains the constant observable
and the original state. The state is recovered from the lifted
state by x̂ = P ẑ with P = [0 In 0n×np ] ∈ Rn×nz .

The nonlinear component Φθ is implemented as a feed-
forward ReLU network, so that ψθ is locally Lipschitz and
differentiable almost everywhere. Although we focus on this
architecture for concreteness, the subsequent analysis can also
be applied to other lifting-network structures and activation
functions.

The lifted dynamics is modeled in bilinear form as

ẑk+1 = Kθ ẑk +
Pm

i=1 uk,iKθ,i ẑk, (3)

where Kθ,Kθ,1, . . .,Kθ,m ∈ R
nz×nz are implemented as linear

layers without bias. All trainable parameters of the neural
network, including the lifting network weights and operator
matrices, are collected in θ.

.B. Finite-Time Prediction Error Under Noise
Consider the continuous-time control-affine system (1). The

input is implemented using a zero-order-hold (ZOH), i.e.,
u(t) = uk for t ∈ [tk, tk+1), where tk = k∆t. Let φ∆t

uk
(xk) denotes

the flow map over one sampling interval; the exact discrete-
time state evolution is xk+1 = φ∆t

uk
(xk).

Assume that the initial state and control sequence are
affected by additive noise such that x̃0 = x0 +w, ũk = uk + vk,
and there exist constants w̄, v̄i > 0 such that

‖w‖ ≤ w̄, |vk,i| ≤ v̄i, i = 1, . . .,m, (4)

where ‖ · ‖ denotes the 2-norm. The neural Koopman model
then generates predictions in the lifted space. Starting from the
noisy lifted initial condition z̃0 = ψθ(x̃0), the lifted trajectory
is propagated according to

z̃k+1 = Kθ z̃k +
Pm

i=1 ũk,iKθ,i z̃k. (5)

The predicted state affected by measurement noise is recovered
from the lifted state by x̃k = P z̃k.

For a fixed terminal time T > 0, let H ∈ N satisfy T = H∆t.
The finite-time state prediction error is therefore defined as
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εk := x̃k − xk, k = 0, 1, . . .,H. The objective of this letter is to
derive an explicit upper bound on ‖εk‖ over a finite prediction
horizon.

IV. FINITE-TIME PREDICTION ERROR ANALYSIS

.A. Certified Bounds for the Neural Lifting Function
To analyze the effect of measurement noise on the learned

lifting map ψθ, we require certified bounds on the magni-
tude of the neural network Φθ and the Lipschitz constant
over a prescribed input region. For the former, we use
CROWN-based bound propagation [17], which computes
affine lower and upper bounds on the network output over
a given input region. For the latter, we use a certified local
Lipschitz bound approach [19].

Assume the true state evolves in a compact set X ⊂ Rn.
Since the initial measurement satisfies x̃0 = x0+w with ‖w‖ ≤
w̄, the noisy initial state belongs to the perturbed set

X0 := X ⊕ B(w̄) = {x + w : x ∈ X , ‖w‖ ≤ w̄},

where B(w̄) denotes the closed norm ball of radius w̄.
To apply CROWN-based bound propagation, we enclose

the relevant state region in a box I := [x, x̄] = {x ∈ Rn :
x ≤ x ≤ x̄}, chosen such that X ,X0 ⊆ I. Given the ReLU
network Φθ : Rn → Rnp , the bound propagation approach
computes affine lower and upper bounds over I for each output
coordinate j = 1, . . ., np:

a>j x + b j ≤ [Φθ(x)] j ≤ ā>j x + b̄ j, ∀x ∈ I.

Optimizing these affine bounds over the box I yields certified
scalar bounds φ

θ, j
≤ [Φθ(x)] j ≤ φ̄θ, j for x in I [17].

In addition, we compute a certified local Lipschitz constant
of the network over the region I via bound propagation [19].
For ReLU networks, this is achieved by upper-bounding the
norm of the Clarke Jacobian over I. Let LΦ be a certified local
Lipschitz constant of Φθ over I, satisfying

‖Φθ(x1) − Φθ(x2)‖ ≤ LΦ‖x1 − x2‖, ∀x1, x2 ∈ I. (6)

Lemma 1 (Boundedness of the Lifting Network):
For all x ∈ I, ‖ψθ(x)‖ ≤ z̄, where z̄ :=�

1 +
Pn

i=1 max{|xi|, |x̄i|}
2 +

Pnp

j=1 max{|φ
θ, j
|, |φ̄θ, j|}

2
�1/2

.
Proof: Since ‖ψθ(x)‖2 = 1 + ‖x‖2 + ‖Φθ(x)‖2, for any x ∈
I = [x, x̄] we have

‖x‖2 =
Pn

i=1 x2
i ≤

Pn
i=1 max{|xi|, |x̄i|}

2.

By the certified componentwise bounds on Φθ over I,

‖Φθ(x)‖2 ≤
Pnp

j=1 max{|φ
θ, j
|, |φ̄θ, j|}

2.

Combining the above inequalities proves the result. �
Lemma 2 (Lipschitz Continuity of the Lifting Network):

For all x1, x2 ∈ I, ‖ψθ(x1) − ψθ(x2)‖ ≤ Lψ‖x1 − x2‖, where

Lψ :=
q

1 + L2
Φ.

Proof: By construction,

ψθ(x1) − ψθ(x2) = [0, (x1 − x2)>, (Φθ(x1) − Φθ(x2))>]>.

By the certified local Lipschitz constant,

‖ψθ(x1) − ψθ(x2)‖2 = ‖x1 − x2‖
2 + ‖Φθ(x1) − Φθ(x2)‖2

≤ (1 + L2
Φ)‖x1 − x2‖

2.

Taking square roots on both sides yields the result. �

.B. Noise-Free Local Model Mismatch
To derive a finite-time prediction error bound, we first char-

acterize the local mismatch between the learned lifted model
and the true dynamics over one sampling interval. Although
continuous-time control-affine systems (1) may admit an exact
bilinear Koopman representation (2), the exact discrete-time
flow under zero-order hold would be

zk+1 = exp
�
∆t
�
K0 +

Pm
i=1 uk,iKi

��
zk

which is generally not bilinear in the input because the
exponential generates higher-order mixed terms. Therefore, the
learned discrete-time bilinear Koopman model is interpreted as
a structured approximation of the exact continuous flow, and
it generally incurs an intrinsic discretization mismatch even in
the absence of measurement noise.

Consider the noise-free lifted prediction obtained by apply-
ing the learned model to the true state and input:

ẑk+1 = Aθ(uk)ψθ(xk), (7)

where the learned control-affine operator is defined as

Aθ(u) := Kθ +
Pm

i=1 uiKθ,i. (8)

To facilitate comparison with the true continuous-time lifted
dynamics, we associate the learned discrete-time operator
Aθ(u) with an auxiliary matrix Bθ(u) := (Aθ(u) − I)/∆t.
Accordingly, the learned operator can be rewritten as

Aθ(u) = I + ∆tBθ(u), (9)

so that the learned update takes the form of a forward Euler
discretization of a lifted linear system with generator Bθ(u).

Let zθ(t) := ψθ(x(t)) denote the learned lifted state along
the true trajectory. Since ψθ is locally Lipschitz, the following
identity holds for a.e. t:

żθ(t) = Jψθ (x(t)) f (x(t),u),

where Jψθ denotes the Jacobian matrix of ψθ.
Since the learned lifting ψθ does not generally produce an

invariant Koopman subspace, the lifted trajectory zθ(t) does not
necessarily satisfy the linear dynamics generated by Bθ(u). We
therefore introduce the lifted consistency residual

ρθ(x,u) := Jψθ (x) f (x,u) − Bθ(u)ψθ(x), (10)

which measures the lifting inconsistency between the true
lifted dynamics and the linear dynamics induced by the learned
operator.

Along a time interval [tk, tk+1) with constant input uk, the
lifted dynamics satisfies żθ(t) = Bθ(uk)zθ(t) + ρθ(x(t),uk),
which yields

zθ,k+1 = e∆tBθ(uk) zθ,k
+
R ∆t

0 e(∆t−s)Bθ(uk)ρθ(x(tk + s),uk)ds. (11)

The local lifted model mismatch is then defined as

dk+1 := ẑk+1 − zθ,k+1. (12)
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To obtain an explicit one-step bound, we introduce the
following mild boundedness assumption on the learned lifted
dynamics over the compact region of interest.

Assumption 1: There exist constants B̄, ρ̄ ≥ 0 such that for
all admissible pairs (x,u) along the true trajectory, ‖Bθ(u)‖ ≤
B̄, ‖ρθ(x,u)‖ ≤ ρ̄. Moreover, x(t) ∈ I on each sampling
interval [tk, tk+1], so that by Lemma 1, ‖zθ(t)‖ = ‖ψθ(x(t))‖ ≤ z̄.

Proposition 1 (Local Lifted Model Mismatch Bound):
Under Assumption 1, the one-step lifted mismatch satisfies

‖dk+1‖ ≤
�
e∆tB̄ − 1 − ∆tB̄

�
z̄ + ∆t e∆tB̄ρ̄.

Proof: By definition, ẑk+1 = Aθ(uk)zθ,k = (I +∆tBθ(uk))zθ,k.
Substituting this and (11) into (12), taking norms and using
the triangle inequality, we have

‖dk+1‖ ≤


e∆tBθ(uk) − I − ∆tBθ(uk)



‖zθ,k‖
+
R ∆t

0



e(∆t−s)Bθ(uk)


‖ρθ(x(tk + s),uk)‖ ds .

Using Assumption 1 and the matrix exponential bound ‖eτB‖ ≤

eτ‖B‖, we obtain

‖dk+1‖ ≤


e∆tBθ(uk) − I − ∆tBθ(uk)



z̄ + ∆t e∆tB̄ρ̄.

By the series expansion of the matrix exponential

e∆tB̄ − I − ∆tB̄ =
P∞

j=2
(∆tB̄) j

j! ,

and therefore,

e∆tBθ(uk) − I − ∆tBθ(uk)


 ≤P∞

j=2
∆t j‖Bθ(uk)‖ j

j!

≤
P∞

j=2
(∆tB̄) j

j! = e∆tB̄ − 1 − ∆tB̄.

Combining the above inequalities proves the result. �

Remark 1: Proposition 1 shows that the one-step lifted
mismatch consists of two parts: the discretization-induced
error (e∆tB̄ − 1 − ∆tB̄)z̄, which scales as O(∆t2) by Taylor
expansion, and the lifted consistency error ∆t e∆tB̄ρ̄ of order
O(∆t) with small ∆t. In particular, even in the ideal learning
scenario where the lifted consistency residual vanishes, i.e.,
ρ̄ = 0, the learned model still exhibits a discretization-induced
local mismatch of order O(∆t2). This reflects the fact that a
continuous-time bilinear Koopman representation does not, in
general, yield an exactly bilinear discrete-time update over a
finite sampling interval.

.C. Finite-Time Prediction Error With Noise
Recall that zθ,k := ψθ(xk) denotes the lifted state evaluated

along the true trajectory. We first define the lifted state error
along the trajectory considering measurement noise as ek :=
z̃k − zθ,k, k = 0, 1, . . .,H. Since the lifting function explicitly
contains the original state, we have Pzθ,k = xk. The state
prediction error can therefore be written as εk = x̃k−xk = Pek.

The noisy lifted trajectory propagation (5) can be written
compactly using the operator Aθ and the definition of ũk as

z̃k+1 = Aθ(ũk)z̃k =
�
Aθ(uk) +

Pm
i=1 vk,iKθ,i

�
z̃k. (13)

Using the local lifted model mismatch dk+1 defined in (12),
we have

zθ,k+1 = ẑk+1 − dk+1 = Aθ(uk)zθ,k − dk+1. (14)

Combining (13) and (14), the lifted prediction error ek = z̃k −

zθ,k admits the recursion

ek+1 = Aθ(uk)ek +
Pm

i=1 vk,iKθ,iz̃k + dk+1. (15)

Theorem 1 (Finite-Time Prediction Error Bound): Under
Assumption 1, for all k = 0, 1, . . .,H − 1, the lifted prediction
error satisfies

‖ek+1‖ ≤ α‖ek‖+ V̄ z̄ + d̄, (16)

where d̄ denotes the one-step model mismatch bound in
Proposition 1, and

V̄ :=
Pm

i=1 v̄i‖Kθ,i‖, α := 1 + ∆tB̄ + V̄ . (17)

Consequently, for all k = 0, 1, . . .,H,

‖εk‖ ≤ α
kLψw̄ + αk−1

α−1 (V̄ z̄ + d̄) (18)

Proof: We first derive a one-step bound for the lifted
error. Consider the recursion (15), taking norms and using the
triangle inequality yields

‖ek+1‖ ≤ ‖Aθ(uk)‖‖ek‖+
Pm

i=1 |vk,i|‖Kθ,i‖‖z̃k‖+ ‖dk+1‖.

Using Assumption 1, relation (9) implies

‖Aθ(uk)‖ ≤ ‖I‖+ ∆t‖Bθ(uk)‖ ≤ 1 + ∆tB̄.

By the definition of V̄ and the noise bound |vk,i| ≤ v̄i,Pm
i=1 |vk,i|‖Kθ,i‖ ≤

Pm
i=1 v̄i‖Kθ,i‖ = V̄ .

Using ek = z̃k − zθ,k, we have

‖z̃k‖ ≤ ‖ek‖+ ‖zθ,k‖ ≤ ‖ek‖+ z̄,

Substituting the above inequalities into the one-step bound and
using the definition of α in (17), we obtain

‖ek+1‖ ≤ (1 + ∆tB̄)‖ek‖+ V̄(‖ek‖+ z̄) + d̄

= α‖ek‖+ V̄ z̄ + d̄,

which proves the recursive bound (16).
By Lemma 2 and the noise bound ‖w‖ ≤ w̄, the initial lifted

error is bounded by

‖e0‖ = ‖ψθ(x̃0) − ψθ(x0)‖ ≤ Lψ‖x̃0 − x0‖ ≤ Lψw̄.

Applying (16) recursively and using ‖e0‖ ≤ Lψw̄ gives

‖ek‖ ≤ α
kLψw̄ +

Pk−1
j=0 α

j(V̄ z̄ + d̄).

Evaluating the geometric sum yields

‖ek‖ ≤ α
kLψw̄ + αk−1

α−1 (V̄ z̄ + d̄).

Finally, since εk = Pek and P = [0 In 0] is a coordinate
projection, we have ‖P‖ = 1, hence

‖εk‖ = ‖Pek‖ ≤ ‖P‖‖ek‖ ≤ ‖ek‖.

Combining this with the lifted state error bound completes the
proof. �

Corollary 1 (Terminal Prediction Error): Fix a terminal
time T > 0, and let ∆t ∈ [∆, ∆̄] satisfy H = T/∆t ∈ N. Then
there exist nonnegative constants λ, c1, c2, c3, such that

‖εH‖ ≤ eλT Lψw̄ + eλT−1
λ

� c1
∆t + c2 + c3∆t

�
. (19)
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Proof: By Remark 1, there exist nonnegative constants c2, c3
for ∆t in the bounded interval such that d̄ ≤ c2∆t + c3∆t2,
therefore

V̄ z̄ + d̄ ≤ c1 + c2∆t + c3∆t2, c1 := V̄ z̄.

Let λ = B̄+ V̄/∆, so that α = 1+∆tB̄+ V̄ ≤ 1+ λ∆t, then

αH ≤ (1 + λ∆t)H ≤ eλH∆t = eλT ,

αH−1
α−1 =

XH−1

j=0
α j ≤

XH−1

j=0
e jλ∆t =

eλT − 1
eλ∆t − 1

≤
eλT − 1
λ∆t

.

Substituting the above inequalities into Theorem 1, we have

‖εH‖ ≤ eλT Lψw̄ + eλT−1
λ

� c1
∆t + c2 + c3∆t

�
.

�
Remark 2: Corollary 1 makes explicit the role of the

sampling period in finite-time prediction. In particular, the
term c1/∆t reflects the accumulation of per-step noise-induced
error over H = T/∆t, the term c3∆t captures the growth
of discretization-induced mismatch as ∆t increases, and the
constant term c2 corresponds to the cumulative effect of the
O(∆t) component in the one-step mismatch. Although the sam-
pling period minimizing this upper bound need not coincide
with that yielding the best empirical prediction performance,
the corollary reflects the following trade-off: decreasing ∆t
improves the one-step approximation accuracy, while increas-
ing ∆t reduces the number of recursive error injections over
a fixed finite horizon. Consequently, the prediction error need
not vary monotonically with ∆t, and an intermediate sampling
period may perform best, as observed in our experiments.

V. SIMULATION RESULTS

In this section, we present simulation studies to validate the
proposed prediction error analysis. We compare the certified
bound with the actual prediction error under noisy initial states
and inputs, and investigate how the sampling period affects
prediction accuracy through the trade-off between discretiza-
tion accuracy and multi-step error accumulation.

.A. Prediction Bound Evaluation
We use a cart-pole system and a 2D quadrotor as simulation

examples [20]. For data generation, the initial state and control
of the cart-pole system is sampled uniformly with cart position
p ∈ [−1, 1], pole angle q ∈ [−π/4, π/4], corresponding veloci-
ties ṗ, q̇ ∈ [−0.1, 0.1], and the horizontal force u ∈ [−1, 1]. The
2D quadrotor is sampled with horizontal and vertical positions
x, z ∈ [−0.75, 0.75], pitch angle θ ∈

�
− π2 ,

π
2

�
, corresponding

velocities ẋ, ż, θ̇ ∈ [−4, 4], and rotor thrusts u1, u2 ∈ [0, 3]. The
sampling period is set to ∆t = 0.1 s and the terminal time is
T = 2 s, yielding a prediction horizon of 20 steps. In total, 500
trajectories are generated and split into training, validation, and
test sets with proportions 80%, 10%, and 10%, respectively.

To investigate the effects of network structure, we apply a
3-layer lifting network (width 64, output dimension 32) to the
cart-pole system, and a 5-layer lifting network (width 128,
output dimension 64) to the 2D quadrotor. The models are
trained by minimizing a standard loss function

L(θ) = 1
N

PN
j=1
PH−1

k=0




x̂( j)
k+1 − x( j)

k+1




2
+ w‖θ‖2,

Fig. 1. Comparison of theoretical bounds and actual prediction errors
(left: cart-pole system, right: 2D quadrotor). Thick lines: proposed and
baseline bounds. Thin lines: actual prediction errors from test trajecto-
ries with measurement noise.

where N is the number of training trajectories, x̂( j)
k+1 is the

one-step state prediction generated by the neural Koopman
model for the jth trajectory, x( j)

k+1 is the corresponding ground-
truth state, and w = 10−4 is the regularization coefficient. The
models are trained using the Adam optimizer with a learning
rate 10−3.

For bound evaluation, the box region I is constructed from
the maximum absolute value attained over all trajectories. The
constant B̄ is obtained directly from the norm of the trained
linear operator. To obtain the upper bound ρ̄, we construct a
finite grid G covering X × U with a grid radius ε > 0. By
leveraging Lemma 2 and the composition rules, the certified
Lipschitz constant Lρ of the the lifting inconsistency ρθ over
X × U can be computed. Consequently, the lifting inconsis-
tency is strictly bounded by ρ̄ = max(xi,ui)∈G ρθ(xi, ui) + Lρε,
which completely eliminates any sampling uncertainty.

For comparison, we consider four methods: 1) the proposed
method with CROWN certification [17]. 2) The proposed
method with CROWN-α certification, which provides a tighter
bound propagation by optimizing auxiliary dual variables in
convex relaxation [18]. 3) A baseline obtained by replac-
ing the one-step mismatch bound d̄ with an error bound
surrogate derived from the operator approximation bound in
[13] at a confidence level of 95%. 4) The same baseline
without considering recursive measurement noise propagation.
Figure 1 compares the the resulting bounds with the actual
prediction errors under a noise level at 1%. The proposed
method provides valid upper bounds for both systems, whereas
the baseline bounds are violated due to neglecting the lifting
inconsistency. Moreover, comparing the two baseline variants
shows that ignoring recursive noise propagation further under-
estimates the multi-step prediction error. Comparison across
the two examples shows that standard CROWN yields more
conservative bounds in the 2D quadrotor example due to looser
bound propagation for larger and deeper lifting networks.
Replacing standard CROWN with CROWN-α produces tighter
certified bounds in Lemma 2 and consequently improves the
overall prediction bound tightness. This observation suggests
that integrating more advanced neural network certification
techniques could further reduce conservativeness. Overall,
these results demonstrate the necessity of explicitly account-
ing for both lifting inconsistency and measurement noise

Authorized licensed use limited to: San Diego State University. Downloaded on September 01,2026 at 23:50:21 UTC from IEEE Xplore.  Restrictions apply. 



1440 IEEE CONTROL SYSTEMS LETTERS, VOL. 10, 2026

Fig. 2. Comparison of prediction errors (left) and evaluation of terminal
errors (right) for different sampling periods.

propagation, as well as the direct influence of neural certi-
fication quality on the prediction bounds.

.B. Sampling Period Trade-Off
To investigate the effects of the sampling period ∆t, we

use the cart-pole system as an example and compare different
neural Koopman models trained on datasets generated using
∆t ∈ {0.4, 0.2, 0.1, 0.05, 0.02, 0.01}. For all sampling periods,
the data distribution and training setup are kept the same
as in the previous subsection. Each neural Koopman model
is trained to convergence with the same data size and opti-
mization settings, so that the comparison reflects the intrinsic
effect of the sampling period rather than differences in training
quality.

Figure 2 compares the prediction errors for different
sampling periods. To further analyze the trade-off, the
discretization-induced term of the terminal prediction errors
is evaluated, along with the noise-induced term obtained
via comparison with noise-free predictions. The numerical
results shown in Figure 2 reflect the corresponding trend of
discretization-induced mismatch and measurement noise accu-
mulation derived in Corollary 1. Specifically, with a large ∆t =

0.4s, the error is dominated by the discretization mismatch,
which accumulates at a rate of O(∆t) as the higher-order
terms in the continuous flow cannot be adequately captured
by the bilinear approximation. Conversely, decreasing ∆t to a
small value (0.01s) does not yield the lowest terminal error as
the high-frequency recursive injections of measurement noise
blow up at a rate of O(1/∆t). As observed in Figure 2, an
intermediate sampling period around ∆t = 0.05s achieves the
best performance with an optimal balance between these two
factors. This insight provides practical guidelines for select-
ing the optimal sampling period in learning-based Koopman
modeling for noise-aware applications.

VI. CONCLUSION

In this work, we have established an explicit finite-time
prediction error bound for neural bilinear Koopman models
subjected to measurement noise. Based on the certified proper-
ties for the lifting network, our framework quantifies the joint
effects of discretization mismatches, lifting inconsistency, and
recursive noise propagation through structural decomposition.
The theoretical derivation further reveal a non-monotonic
terminal prediction error trade-off between discretization and
noise-induced errors with respect to the sampling period.
Numerical results illustrate the practical relevance of the

derived bounds and support the theoretical findings. Beyond
theoretical analysis, these findings provide a foundation for
noise-aware Koopman model predictive control design and
offer practical guidelines for optimal sampling period selection
in data-driven control.
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